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SUMMARY
The paper deals with the mathematical and computer modelling of the surface induction hardening of axi-symmetric

ferromagnetic bodies. The mathematical description of this non-stationary process consists of two second-order partial
differential equations describing the heating of the body (time evolution of the electromagnetic and consequent temperature
field) and a theoretically empirical algorithm for mapping the consequent cooling in various liquid media and hardening.
The task is solved in the quasi-coupled formulation, with partial respecting the temperature dependencies of all important
material parameters. The theoretical analysis is supplemented with several illustrative examples, whose solution was
performed in co-operation of professional code QuickField and single-purpose user program package developed and written
by the authors (as far as they know, no existing commercial program is able to map the complete process). The results
showing the distribution of hardness as well as particular material components (martensite, ferrite, pearlite) within the
hardened body are discussed.
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1. INTRODUCTION

Induction hardening of ferromagnetic bodies
belongs to widely used technological processes. The
body is first heated to the austenitizing temperature
and then rapidly cooled (by water spraying, merging
the body into a cooling medium etc.) [1]. The result
is harder but more fragile martensite structure.

Fig. 1 containing the unbalanced phase diagram
of typical steel provides good information about the
process of cooling and hardening. The temperature
of all parts that are to be completely hardened should
exceed temperature Th that is by 30–50 °C higher
than Ac3. For example, fast cooling given by line 1
characterised by initial temperature Tstart > Th leads
to complete hardening of the material. On the other
hand, lines 2 and 3 show slower cooling resulting in
incomplete hardening (initial temperature Tstart is
lower than Th or the resultant martensite structure
contains also bainite, pearlite or ferrite).
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Fig. 1  Unbalanced phase diagram of typical steel

In general, induction heating may be strongly
non-uniform process. The evolution of temperatures
(∆t1 being the time of heating) may differ from part
to part of the body as indicated in Fig. 2. Sometimes
it is desirable to wait some time ∆t2 in order to
equalise the temperatures and obtain a chemically
homogeneous single-phase austenite structure (but,
of course, not in case of the surface hardening). The
cooling of individual parts may also differ by veloc-
ity or, equivalently, by time ∆t3. The final distribu-
tion of hardness (in those parts where it is possible
to speak about the full hardening, see Fig. 1) then
strongly depends on time ∆t3.
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Fig. 2  Time evolution of the process

Mathematical and computer modelling of the de-
scribed processes consists of two basic steps: the
induction heating (∆t1) itself and cooling (∆t3) with
eventual temperature equalisation (∆t2). Various
more or less sophisticated models of the induction
heating may relatively reliably be solved by means
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of existing professional codes (sometimes supple-
mented with single-purpose user procedures). On the
other hand, modelling of the temperature equalisa-
tion and particularly basic regimes of hardening
(continual, by degrees etc.), resulting in computation
of the distribution of hardness, is not a common
business up to now.

The paper offers one of the possible ways of the
complete solution of the surface induction harden-
ing. Modelling of the induction heating consisting in
the calculation of the coupled electromagnetic and
non-stationary thermal fields starts from the simpli-
fied theoretical mathematical model of the process,
while distribution of hardness is determined by
means of specific theoretically empirical procedures
based on using experimentally obtained data.

2. MATHEMATICAL MODEL OF THE
PROBLEM AND ITS SOLUTION

The solved arrangement is depicted in Fig. 3. A
ferromagnetic cylinder is heated in a cylindrical
inductor carrying an alternating current of higher
frequency. Geometry of the system as well as all
electrical and material parameters are known (in-
cluding their temperature dependencies). After
reaching the necessary surface temperature of the
cylinder the source is removed and the body is
merged into a cooling medium.
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Fig. 3  The solved arrangement

The continuous mathematical model of the in-
duction heating (first step of the process) is given by
equations for distribution of the electromagnetic and
temperature fields. The first equation [2] reads

ext
1rot rot ,

t
γ

µ
  ∂+ =  ∂ 

AA J (1)

where A denotes the vector potential, Jext the vector
of the external current density in the inductor and
µ and γ are the permeability and electrical conduc-
tivity of the material, respectively. The boundary
conditions depend on the solved geometry. Usually,
the Dirichlet condition is imposed along the axis of

symmetry and distant artificial boundary, while the
Neumann condition is mostly imposed along various
planes of symmetry perpendicular to axis z.

The temperature field is described by well-
known equation [3]

( )
2

J Jdiv grad , ,TT c w w
t t

λ ρ γ∂ ∂ = − =  ∂ ∂ 
A (2)

where T denotes the temperature and λ, ρ, c the
thermal conductivity, specific mass and heat, re-
spectively. Symbol wJ finally denotes the specific
Joule losses within the body representing the source
of heat. The boundary conditions along its surface
should express both convection and radiation (higher
temperatures are usually dealt with). The corre-
sponding equation may be written as

( ) ( )4 4
air ext 0 i

T T T C T T
n

λ α ε∂− ⋅ = ⋅ − + ⋅ ⋅ −
∂

, (3)

where ε0 = 5.67032·10-8 W/m2 K4, αair denotes the
coefficient of the convective heat transfer, C the
coefficient of emissivity, Text the temperature of the
ambient air, Ti the temperature of the inductor and n
the direction of the outward normal. The initial con-
dition reads T = T0. All material parameters and also
coefficients α and C are generally non-linear func-
tions of the temperature.

The second step (cooling in a liquid medium) is
described by (2) in which term wJ vanishes. The
boundary condition is now given by (3) without the
second term on the right-hand side and with α for
the cooling medium (that is now strongly tempera-
ture-dependent quantity). The resultant field of
hardness is then determined in accordance with rules
given in the preceding paragraphs.

Discretisation of the continuous model provided
numerical algorithms for both induction heating and
consequent cooling.

The process of induction heating was solved as a
quasi-coupled problem [4] with partial respecting
the temperature dependencies of the material pa-
rameters. The computations have been carried out by
combination of code QuickField [5] (electromag-
netic field) and user program TEMP_K1 (tempera-
ture field) based on combination of the Finite Dif-
ference Method and Method of Elementary Balances
[6]. The algorithm consists of the following steps:
a) Choice of the starting temperature T = T0 and

determination of corresponding values of the
material parameters (µ, γ, c, ρ, λ) and also coef-
ficients α and C. Choice of time step ∆t.

b) Solution of (1) and determination of distribution
of the Joule losses wJ.

c) Computation of the time evolution of tempera-
ture field (2) up to time t + ∆t and modification
of values of the material parameters with re-
spect to actual temperature T.

d) Return to point b).
Steps b) – d) are repeated until temperature along

the surface reaches the required value. The value of
∆t has to be selected carefully and its choice should
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be verified by checking the convergence of solution
and by its comparison with the accuracy required.

Solution of the process of cooling the body is
somewhat simpler. The program has only to map the
time evolution of the temperature at each node for
assigning it its final structure (martensite, ferrite,
pearlite or their mixtures) and corresponding hard-
ness (if there is possible to speak about it). The cru-
cial problem of cooling in liquids (water, oil, special
hardening solutions etc. [7]) is, however, determin-
ing the temperature dependence of coefficient α.
This dependence is mostly strongly non-linear, de-
pends on the surface temperature of the hardened
body and is closely associated with different regimes
of boil of the cooling medium along its surface.

As the theoretical approach in this respect is ex-
tremely complicated, function α = α(T) has been
found by means of an experimentally-computational
procedure consisting of the following steps:
a) A cylinder, whose material, dimensions and

particularly quality of its surface was compara-
ble with similar properties of the hardened
body, was heated and then cooled in a liquid
quenchant. Measured was velocity vc (°C/s) of
its cooling as a function of temperature T.

b) Using balance equation
( ) ( ) ( )c extQ V c v T T S T T ,ρ α= ⋅ ⋅ ⋅ = ⋅ ⋅ − (4)

where Q denotes the heat transferred from the
cylinder per unit time, V is its volume, ρ its spe-
cific mass, c specific heat, S its surface and Text
the temperature of the quenchant (that is consid-
ered constant), we simply get

( ) ( ) ( )c
ext

V cT v T .
S T T

ρα ⋅ ⋅= ⋅
⋅ −

(5)

Note that even other quantities occurring in (5)
(including the volume and surface of the body)
may be functions of the temperature.

3. ILLUSTRATIVE EXAMPLE

The task is to determine the field of hardness in a
steel cylinder manufactured from standard carbon
steel 40H [8] (produced in Poland, 0.42% C, 0.65%
Mn, 0.017% P, 0.029%S and 1.00% Cr) heated in a
cylindrical inductor and cooled in various liquid
media (water, water-polymer medium called Poly-
hartenol, transformer oil and hardening oil 0H-70).
The system consisting of the inductor and cylinder is
axi-symmetric. Given are the following input data:
•  Geometry of the cylinder: diameter d = 0.0125

m, length l = 0.060 m.
•  Relative magnetic permeability µr of the steel is

a function of the module of magnetic flux den-
sity B and temperature T. The dependence µr =
µr(|B|) for steel 40H (for T = 0 °C) is depicted in
Fig. 4. The general dependence of this quantity
on field |B| and temperature T is considered as

( ) ( )( ) ( )r1 0 1r T Tµ µ ϕ= + − ⋅B B| |, | |, ,  (6)

where ϕ(T) (satisfying conditions ϕ(0) = 1 and
ϕ(Tc) = 0, Tc being the Curie temperature) is de-
picted in Fig. 5.

•  Other physical parameters of the cylinder (elec-
trical conductivity, thermal conductivity and
heat capacity) are depicted in Figs. 6 and 7.

•  The inductor is a cylindrical coil wound from
Cu conductor, with inner diameter 0.0185 m,
outer diameter 0.0245 m and length 0.080 m.

•  Parameters of the feeding current (current den-
sity Jext = 48 A/mm2, f = 10000 Hz) satisfy the
condition that the time of heating does not ex-
ceed tstop = 10 s.

•  Starting temperature T0 for induction heating as
well as temperature Text of the surrounding air is
20 °C, αair = 20 W/m2 °C, C = 0.25.

•  Ac1 = 755 °C, Ac3 = 790 °C, Th = 840 °C and
final temperature after cooling Tfinish < 100 °C.

•  The skin effect in the field coil is not taken into
account.
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Fig. 4  µr = µr(|B|,0) for steel 40H at T = 0 °C
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Fig. 5  Function ϕ  = ϕ (T) for correction of perme-
ability µr for steel 40H
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Fig. 6  Temperature dependence of electrical con-
ductivity γ for steel 40H

Evaluation of the process of induction heating
represents an open boundary problem. An artificial
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boundary was, therefore, introduced at a sufficient
distance from the system characterised by the
Dirichlet condition for vector potential A (Fig. 8).
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Fig. 7  Temperature dependence of thermal conduc-
tivity λ and heat capacity ρc for steel 40H
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ABCD

Because of symmetry the 2D electromagnetic
field is solved only within area ABCDA. The
boundary conditions along its respective parts read:
•  ABCD: A = 0,

•  DA:
n

∂ =
∂
A 0, (7)

•  Initial condition: At=0 = 0.
Similarly, the temperature field is solved within

area AGFEA (surface of the heated cylinder). Here
the general boundary conditions read:
•  EFG:    see Eq.  (3)

•  GAE:         0T
n

∂ =
∂

, (8)

•  Initial condition for heating: Tt=0 = T0.
The numerical solution was carried out by pro-

cedures mentioned in the previous paragraphs. The
discretisation mesh constructed for computation of

the electromagnetic field had about 22000 nodes,
while the rectangular grid covering the cross-section
of the heated cylinder for the thermal calculations
only several hundred nodes. The test on stability
showed that the calculations are stable for any time
step Δ 0 01t ≤ . s.

Fig. 9 shows the time evolution of temperature T
in the course of the induction heating (∆t1 = 10 s) at
the “hottest” point G and the “coldest” point E (see
Fig. 8) and Fig. 10 the histogram of the resultant
temperatures after heating over plane AEFGA.
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Fig. 9  Time evolution of temperature T at "hottest"
point G and "coldest"  point E
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T over rectangle AEFGA (Fig. 8) after heating ∆t1

Interval ∆t2 necessary for removing the source
and merging the body into cooling medium is con-
sidered small (several seconds) and its influence on
the temperature distribution in the body was not
respected (even when it is almost no complication).
A lot of previous experience shows, however, that
spontaneous cooling in the air is very slow and the
surface temperatures may change only by few de-
grees within this period.

Obviously, temperature Th before cooling is ex-
ceeded only in the surface layers of the cylinder. Its
internal parts are substantially colder, after cooling
remain unhardened and their structure consists of a
mixture of the martensite, ferrite and pearlite.

Of crucial importance for correct quantification
of the process of cooling is the knowledge of the
temperature-dependent characteristics of the par-
ticular liquid media (velocity of cooling, time of
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cooling and coefficient α). These dependencies have
been determined from sophisticated experiments
carried out at the Silesian University of Technology,
Katowice, Poland. One of them, the temperature
dependence of coefficient α is depicted in Fig. 11.

0

1000

2000

3000

4000

5000

6000

7000

100 200 300 400 500 600 700 800

T  (°C)

α
 (W

/m
2  °C

)

water
polyhart.
transf. oil
harden. oil

Fig. 11  Function α = α(T) for the specified
quenchants

It is obvious that the quenchant with the highest
velocity of cooling is water followed by Polyharte-
nol. In both these cases the surface hardness reaches
relatively high values, while in case of transformer
oil or hardening oil 0H-70 its values can be unac-
ceptably low.

The dependence of hardness for material 40H on
the time of cooling (∆t3) is depicted in Fig. 12.

0

200

400

600

800

1 10 100 1000 10000

∆t 3(s)

H
V

 (d
eg

 V
)

Fig. 12  Hardness HV as a function of time ∆t3 of
hardening

Figs. 13 and 14 show the time decrease of the
temperature at points A, E, G, F  (see Fig. 8) during
cooling the cylinder in water and the histogram of
the final distribution of temperature after ∆t3 = 20
s over the rectangle specified by the same points.

Figs. 15 and 16 finally show the distribution of
hardness (at places with the complete hardening)
after cooling in selected quenchants (water and
transformer oil). It is obvious that the highest hard-
ness is reached after cooling in water. On the other
hand, faster cooling may lead to internal stresses in
the body, which are much lower at slower cooling in
the transformer or hardening oil.
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Fig. 13  Decrease of the temperature at the selected
points of the cylinder (cooling in water)
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Fig. 14  Final distribution of the temperature over
rectangle AEFGA after ∆t3 = 20 s (cooling in water)
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4. CONCLUSION

The paper presents a methodology of the mathe-
matical and computer modelling of the surface in-
duction hardening. Solution to this multidisciplinary
task seems to be feasible, however, in case of proc-
essing permeable materials some obstacles have to
be overcome. The most serious problem consists in
computation of the time evolution of the electro-
magnetic field (stiff system matrix, whose properties
lead to extremely demanding time integration). In
order to avoid this complication, only the average
saturation in each element has been taken into ac-
count.
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Another problem is with necessary input data.
Accuracy of computations strongly depends on the
quality of experimentally obtained temperature-
dependent material characteristics. Much more in-
formation is needed particularly in the domain of
various metallurgic processes and properties of
quenchants. Detailed knowledge of permeability µr
as a function of the module of magnetic flux density
|B| and temperature T would also surely contribute to
higher quality of the results.

Nevertheless, the first results (for example [9]
and [10]) are in a good accordance with experiments
performed at the Silesian University of Technology
in Katowice, Poland. Planned is further improve-
ment of the computation procedures (increase of
their robustness, stability and velocity) as well as
their verification by comparison with other meas-
urements.
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