56

Acta Electrotechnica et Informatica, Vol. 12, No. 4, 2012, 56-60, DOI: 10.2478/v10198-012-0048-9

ROBUSTNESS OF INTERVAL TOEPLITZ MATRICES IN FUZZY ALGEBRA

Helena MYSKOVA
Department of Mathematics and Theoretical Informatics, Faculty of Electrical Engineering and Informatics, Technical University of
Kosice, Nemcovej 32, 042 00 Kosice, Slovak Republic, tel.: 4421 55 602 2445, e-mail: helena.myskova@tuke.sk

ABSTRACT
Fuzzy algebra is an algebraic structure in which classical addition and multiplication are replaced by & and @, where a® b =
max{a,b}, a®b = min{a,b}. Fuzzy discrete dynamic systems can be introduced by fuzzy matrices and are useful for describing
knowledge engineering, scheduling, cluster analysis, fuzzy logic programs, diagnosis of technical devices or medical diagnosis.
The paper deals with robust matrices over fuzzy algebra. There are defined the terms of the possible and universal robustness
of interval matrices. The work describes the necessary and sufficient condition for the possible and universal robustness of interval
Toeplitz matrices which satisfy a certain condition, called the condition €*.
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1. INTRODUCTION

Studying matrix properties in fuzzy algebra, where ad-
dition and multiplication are formally replaced by opera-
tions of maximum and minimum, is of great importance for
applications in various areas. Fuzzy discrete dynamic sys-
tems can be introduced by fuzzy matrices and are useful
for describing knowledge engineering, scheduling, cluster
analysis, fuzzy logic programs [6], diagnosis of technical
devices [13], [14] or medical diagnosis [12].

Periodic behaviour of fuzzy matrices with correspond-
ing polynomial algorithms were studied in [5] and [10].
However, in practice we deal often with inexact input data.
This leads to demand replace scalar matrices by so-called
interval matrices ( [1]).

The main aim of this paper is to describe so called robust
matrices and introduce the necessary and sufficient condi-
tions for the possible and universal robustness of an interval
Toeplitz matrices.

2. BACKGROUND OF THE PROBLEM

The fuzzy algebra & is the triple (B,®,®), where
(B, <) is a bounded linearly ordered set with binary opera-
tions maximum and minimum, denoted by & and ®, respec-
tively. The least element in B will be denoted by O, the
greatest one by /.

By N we denote the set of all natural numbers and by
Ny the set Ng = NU{0}. The greatest common divisor of a
set S C N is denoted by gcdS and the least common multi-
ple by Iem S. For a given natural number n € N, we use the
notations N = {1,2,...,n}.

For any n € N, B(n,n) denotes the set of all square
matrices of order n and B(n) denotes the set of all n-
dimensional column vectors over Z. The matrix operations
over A are defined formally in the same manner (with re-
spect to @, ®) as matrix operations over any field. The r-th
power of a matrix A is denoted by A", with elements (A”);;.

For A = (a;;) € B(n,n),C = (cij) € B(n,n) we write
ALZC (A < C) ifa,'j <cij (aij < Cij) holds for all i, j € N.

By digraph we understand a pair ¢ = (Viy,Ey), where
Vi is a non-empty finite set, called the node set, and Ey C
Vi X Vi, called the arc set. A digraph &' = (Vi Eqr) is a
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subdigraph of digraph ¢, if Vor C Vg and E¢ C Eo. Spe-
cially, & /Vy stands for the subdigraph induced by vertex
set V.

A walk in a digraph ¢ is the sequence of nodes
and arcs & = (vg,e1,vi,€2,Vv2,...,Vi_1,¢€;,v;) such that
ex = (vg—1,v) € Eg for k=1,2,...,1. Awalkin¥ is a
trail if all its arcs are distinct. The number [ is the length
of the trail & and is denoted by ¢(2?). If vo = v;, then &
is called a cycle. A cycle is elementary if all nodes except
the terminal node are distinct. A digraph is called strongly
connected if any two distinct nodes of ¢ are contained in a
common cycle. By a strongly connected component of ¢
we mean a maximal strongly connected subdigraph of ¥.
A strongly connected component # = (V. ,E 5 ) is called
non-trivial if there is a cycle of positive length in JZ". For
any non-trivial strongly connected component . is the pe-
riod of ¢ defined as
per#” = ged{{(c); cisacyclein .#, £(c) > 0}. )]
If ¢ is trivial, then per.#” = 1. By SCC*¥ we denote the
set of all non-trivial strongly connected components of ¥.

Lemma2.1. Let ¥ € SCC*¥¢, %' € SCC*¥' and
H C . Then per ' | per X .

Proof. Denote by C » and C 4+ the sets of all cycles in ¢
and ¢, respectively. Since

Cy ={l(c);cisacyclein X, ¢(c) >0} C

C{U(c); " isacyclein 7 4(c") >0} =C
we obtain
per#”’ = gcdC | gedCy = per K. O

Further, we define the period of the digraph ¢ as fol-
lows
per¥ = lem{per#; # € SCC*¥4}.

For a given matrix A € B(n,n) the symbol ¥(A) =
(Vig(a),E(a)) stands for the complete, edge-weighted di-
graph associated with A, i.e., the vertex set of ¥(A) is N,
and the capacity of any edge (i, j) € Eg(a) is a;;. In addi-
tion, for given h € B, the threshold digraph 4 (A,h) is the

ISSN 1338-3957 (online)

EMERG/NG;SQLENCE PUBLISHERS www.versita.com/aei



Acta Electrotechnica et Informatica, Vol. 12, No. 4, 2012

57

digraph with the vertex set Vygman =N and the edge set
Egan =1{(i,j); i,j €N, aij > h}.

The following lemma describes the relation between matri-
ces and corresponding threshold digraphs and follows from
the transitivity of ordering.

Lemma 2.2. [7] Let A, C € B(n,n). Let h, h, hy € B.
(i) IfA<C, then9(A,h) CY(C,h),
@ii) if hy < hy, then g(A,hz) - g(A,/’u).

Let A € B(n,n) and x € B(n). The orbit (A, x) of x = x(*)
generated by A is the sequence

where x") = A” ® x(0) for each r € N.

For a given matrix A € B(n,n), the element A € B and
the n-tuple x € B(n) are the so-called eigenvalue of A and
eigenvector of A, respectively, if

ARx=A®x.

The eigenspace V(A,A) is defined as the set of all eigen-
vectors of A with associated eigenvalue A, i.e.,

VA, A) ={x€B(n); A®x=ARQx}.

Let A € B. A matrix A € B(n,n) is ultimately A-periodic
if there are natural numbers p and R such that the following
holds:

AP = 2 @ AF forall k> R.

The smallest natural number p with the above property is
called the period of A, denoted by per(A,A). Incase A =1
let us denote per(A,I) by abbreviation per A. It is known
that if a matrix is ultimately A-periodic, then it is ultimately
I-periodic and per(A,A) = per(A,I).

According to [5] we define

SCC*(A) = U{SCC*¥(A,h); h € {a;j;i,j € N}}
Theorem 2.1. [5] Let A € B(n,n). Then

per A = lem{per #"; % € SCC*(A)}.
Let us denote
T(A, L) ={x€Bn); C(A,x)NV(A,L) #0}.

Definition 2.1. Let A = (a;;) € B(n,n), A € B. A matrix A
is called A-robust if T(A,A) = B(n).

A A-robust matrix with A = [ is called robust matrix. It
is easy to see that if A = (a;;) is ultimately A-periodic and

A > max a;j, then A > max a¥; and AP = A ® A¥ = A¥ for
i,jeN ijjeN Y
k > R. Hence the necessary condition for A = (a; j) to be

ultimately A-periodic is A > max af]-. The results we shall
1L,je '
formulate for A = I, as well as the methods used to prove
them, can be generalized for arbitrary A € [ma})\il aij, 1.
1,jE

We recall a result of the paper [10] adapted for A = 1.

Lemma 2.3. [10] Let A = (a;j) € B(n,n). Then A is robust
if and only if per A = 1.

Note that an O(n?) algorithm for finding per A is presented
in [5].
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3. PERIODICITY OF TOEPLITZ MATRICES

In this section we shall deal with the special class of
matrices, the Toeplitz matrices. A Toeplitz matrix contains
the same element on every diagonal, which is paralell to the
main diagonal.

Definition 3.1. Let a_,41,...,a-1,a0,a1,...,4y—1 € B.
A matrix A € B(n,n) of the form
ap aj a ap—2 Q4p—1
a—1 ao ai ap-3 dp-2
a2 a— ao ap—4 dn-3
A= .
A—pt2 4-—pt3 d—pi4 ao ay
A—pt1 A4-—pnt2 d—n+3 a—i ao

is called a Toeplitz matrix. We denote a Toeplitz matrix by

A=Tp(a_pi1,...,a-1,40,d1,--.,dn—1)-
We denote
i) N~ ={-n+1,—n+2,...,—1},
Nt ={1,2,....n—1},
N ={-n+1,-n+2,...,—1,0,1,....n—2,n—1},

S A) — )
(i) A (A) max;

h™(A) = maxa;,
h(A) = min{h" (A),h (A)},

(i) IT(A)={ie N";a; > h(A)},
(A)}

I"(A)={i€N";a; > h(A)},
I(A)={i € N*;a; > h(A)},
oo [ Nt ifh(A)=ht(A),
iv) N(A) _{ N~ otherwise.

The possibility N(A) = N* contains a case where h*(A) =
h™(A), too.

Remark 3.1. Note that (A) is the maximal threshold level
for which both sets I7(A), I~ (A) are non-empty. For any
h' > h(A), the threshold digraph ¢ (A,R’) is either trivial
(there is no edge in ¢ (A, 1)) in the case ag < h(A), or all
strongly connected components consist of exactly one node
with the loop in the case ag > /.

According to [2], we denote by €* the following condition
of a Toeplitz matrix:

i— j<nholds forevery i € IT(A),j €I~ (A). (¢7)
Theorem 3.1. [2]
LetA=Tp(a—pi1,--.,a4-1,00,d1,...,d,—1) € B(n,n) be a
Toeplitz matrix fulfilling condition €*. Then per A = per %~
for any component % € SCC*¥Y (A, h(A)).

Remark 3.2. If a Toeplitz matrix A € B(n,n) fulfills con-
dition €*, then all strongly connected components in
% (A,h(A)) are non-trivial, but not isomorphic in general.
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Theorem 3.2. [2] Let A € B(n,n) be a Toeplitz matrix ful- Definition 5.1. Let A, A be Toeplitz matrices of order n
filling condition €, let I(A) = {ip,i1,...,ix—1}. Then such that A < A. An interval Toeplitz matrix AP is the set
of all Toeplitz matrices A € [A,A]. We denote an interval

Ip—11 lp—12 Toeplitz matrix ATP by abbreviation

A= ged ,
pet £ (gcd(n,io,il) ng(l’l,io,il,iz)

10 — lg—1
. . . - 2
gcd(n, i, . .. ,,lk_1)>
Remark 3.3. According to [2], the period of Toeplitz ma-
trix can be computed in O(n) time.

4. ROBUSTNESS OF INTERVAL MATRICES

In this section we shall deal with matrices with interval
elements. Similarly to [1], [3], [4], [8], [9]], [11] we define
an interval matrix A.

Definition 4.1. Let A,A € B(n,n), A <A. An interval ma-
trix A with bounds A and A is defined as follows

A=[AA] = {A €B(n,n);A<A SX}.
Investigating the robustness of an interval matrix A, the

following questions can arise: Is A robust for some A € A
orforall A€ A?

Definition 4.2. An interval matrix A is called

o possibly robust if there exists a matrix A € A such
that A is robust,

e universally robust if each matrix A € A is robust.

Possible and universal robustness of general interval matri-
ces were studied in [7].

Let us denote H = {a;j; i,j € N}U{q;;;i,j € N}.

l]’

Theorem 4.1. [7] An interval matrix A is possibly robust if
and only if for each h € H and for each % € SCC*¥9 (A, h)
such that per & # 1 the digraph 4 (A,h) [V is acyclic.

For a given h € H let us denote V), = N \ U P where
%1,...,%/}["’ € SCC*¥Y(A,h).
Theorem 4.2. [7] Let A be an interval matrix. Then

A is universally robust if and only if A is robust and
per(9(A,h)Uc) = 1 for each h € H and for each cycle
c€G(Ah)/V.

According to [7], the complexity of checking the possible
robustness of a given interval matrix is O(n°), whereby
checking the universal robustness has exponentially large
complexity.

5. ROBUSTNESS OF INTERVAL TOEPLITZ MA-
TRICES

The possible and universal robustness of interval
Toeplitz matrices are studied in this section. The necessary
and sufficient conditions which can be checked in polyno-
mial time are given.
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[gflvafl]v [Q(),EO],
[21751}7 [Qn I’aﬂ l])

There are matrices in A that are not Toeplitz, so A # A7,
On the other hand 4, A € AP therefore the set AP is al-
ways non-empty.

ATp = Tp([gfnﬁ»laa*rH»l]a o

5.1. Possible robustness

Definition 5.2. We say that an interval Toeplitz matrix ATP
fulfills condition €* if each Toeplitz matrix A € ATP fulfills
condition €.

Let wus define the Toeplitz matrix A =
Tp(G-pnt1,---,d-1,d0,d1,---,dy—1) as follows:
. min{n(A),a;} forieN(A), 3)
“= a@ fori¢ N(A).

It is easy to see that 1(A) = h(A) and N(A) = N(A).

Lemma 5.1. Let AP be an interval Toeplitz matrix and A
be the matrix defined by . Then I(A) C I(A) for each
AeAP,

Proof. We shall prove that It (A) C I(A), I (A) C I~ (A)
and if 0 € I(A), then O € I(A), for each A € ATP.

Without any loss of generality we can suppose that
N(A)=N*. Thus IT(A) ={ie N";a =h(A)} = {i €
N*;a@ > h(A)}. Let A € ATP be arbitrary. We shall distin-
guish two cases.

Case 1. If N(A) =N, then I"(A) = {i e N*;a; =

( )} and I‘(A) ={i € N;a; > h(A)}. For the sets

I"(A), I" (A) we get

I"(A)={ieN";a; > h(

Further, we will prove that I (A)
I (A) be arbitrary. We get

A)}YClieN;a;>h(A)}y =1 (A).

CI7(A).

Let r €

@, > a, = max a; > h(A)
keN+

which implies r € I (A). Consequently I7(A) C I (A).
Case 2. If N(A) = N, then

I (A)

={ieN ;a,=h(A)} C{ieN;a;>h(A)} C
{ieN";a>h(A)} =1 (A).
Further, we prove that I7(A) C I (A). We obtain
I ()

={ieNT;a;>hA)}C{ieNT;a;>h(A)} C
{ieNT;@>h(A)} =1"(A).

In both cases if 0 € I(A), then dy = @y > ap > h(A) > h(A),

so0 € I(A). O

Theorem 5.1. An interval Toeplitz matrix A™P fulfills con-
dition €* if and only if the matrix A fulfills condition €*.
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Proof. If the matrix A fulfills condition €*, i.e., i — Jj<n
for each i € It (A), j € I (A), then, in view of Lemma
for each A € AP the inequality i — j < n holds for each
i€IT(A), j€I (A). Thus an interval Toeplitz matrix ful-
fills condition €™*.

The converse implication is trivial. O

Theorem 5.2. An interval Toeplitz matrix ATP fulfilling
condition € is possibly robust if and only if the matrix A
is robust.

Proof.  Since I(A) C I(A), according to we get
perA|per A. If A is not robust, i.e., perA # 1, then per A # 1
for each A € ATP. Thus an interval Toeplitz matrix A7 is
not possibly robust.

The converse implication is trivial. (]

According to Theorem([5.2]checking the possible robust-
ness of a given interval Toeplitz matrix fulfilling condition
¢* consists of O(n) arithmetic operations needed for the
construction of the matrix A, O(n) operations for check-
ing whether A fulfills condition * and O(n) operations for
computing perA by . So the complexity of checking the
possible robustness of a given interval Toeplitz matrix ful-
filling condition €™ is O(n), which substantially improves
the O(n°) algorithm for checking the possible robustness of
an interval matrix in general case.

Example 5.1. Let

ATP = T([1,2],[4,5].12,2],[1,2], 2,4], [3,5],[1,2]).

We decide whether ATP fulfills condition €* and in positive
case we check the possible robustness of ATP.

First, we compute 2(A) and construct the matrix A. We
have h*(A) =3, h~ (A) =4 and h(A) = 3, which implies
N(A) = N*. By (3), we get A = T(2,5,2,2,3,3,2). We
have h(A) = 3 and I(A) = {~2,1,2}. Since i — j <4 =n
foreachi € IT(A), j € I" (A), the matrix A fulfills condition
©¢*. According to Theorem AP fulfills condition €*.
Further, we check the possible robustness of AP, We
compute perA by (2):
3 —4

A = gcd _
perA = ged( ged(4,—2,1)" ged(4, —2,1,2)

)=1

so the matrix A is robust. In view of Theorem|5.2] the given
interval Toeplitz matrix is possibly robust.

5.2. Universal robustness

Theorem 5.3. Let AP be an interval Toeplitz matrix ful-
filling condition €*. If h(A) = h(A) and the matrix A is
robust, then ATP is universally robust.

Proof. Let AP be an interval Toeplitz matrix fulfilling
condition €*. Suppose that A’” is not universally robust
and the matrix A is robust. If A € A7? is not robust, then
by Theorem H we obtain per.#Z = perA # 1 for each
A €SCC*Y(A,h(A)). In view of Remarkﬁand Lemma
for each h < h(A) and for each # € SCC*¥(A,h)
there exists %’ € SCC*¥(A,h(A)) such that #' C 7.
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The robustness of A implies that per.#” = 1 for each
H' € SCC*Y(A,h(A)). According to Lemma 2.1] we get
per# =1 for each % € SCC*¥(A,h) and for each h <
h(A). Then the existence of .# € SCC*%(A,h(A)) such
that per.# # 1 implies (A) > h(A). Hence h(A) < h(A).0

Example 5.2. Let
AT =1([1,2],4,5],[3,3],[1,2],[1,3],[3,3],[1,2]).
We decide whether A™P is universally robust.

Since A = T(2,5,3,2,3,3,2), A fulfills condition €* and
by Theorem |5.1/ AT? fulfills condition ¢™*. Since h(A) =
h(A) = 3 and perA = 1, in view of Theorem a given
interval Toeplitz matrix is universally robust.

Theorem represents a sufficient, but not necessary
condition for the universal robustness of an interval Toeplitz
matrix.

For each k € N, 1 € N~ we define the Toeplitz matrix

AW =Tp (a(fkrlz)ﬂ e 73%{)738{”7“(11{1)7 S 761,(,k,l>l) as follows:
&y | a; forie{k1l},
9= { a; otherwise. “)

Theorem 5.4. Let AP be an interval Toeplitz matrix ful-
filling condition €*. A™P is universally robust if and only
if A is robust and for each k € N*,l € N~ such that
min{a,a} > h(A) the matrix A* is robust.

Proof. If A is not robust or there exist k € N*, [ € N~ such
that min{d, @} > h(A) and the matrix A*") is not robust,
then A”? is not universally robust.

For the converse implication suppose that A’ is not
universally robust and A is robust. We will prove that there
exist k € N, 1 € N~ such that min{a@,d;} > h(A) and the
matrix A is not robust.

Let A € AP be such that perA # 1, ie., per.#’ # 1,
where #" € SCC*%(A,h(A)). Similarly as in the proof of
Theorem|5.3| the robustness of A implies h(A) > h(A). Let
ke Nt 1€ N~ besuchthat h™(A) = ag, h~ (A) = a. Since
ht(AK)) =G, and h~ (AW)) = G we obtain h(AK)) =
min{d,a;} > h(A) > h(A).

Let j € N* be such that j ¢ I(A). Then aﬁ.kl) =a;<a;<
h(A) < h(AW)). Hence j ¢ I(A®)). Thus I(A*)) C I(A).
According to , we obtain per A | per A®) which implies
per AU =£ 1. Thus the matrix A*?) is not robust. ]

According to Theorem checking the universal ro-
bustness of a given interval Toeplitz matrix fulfilling condi-
tion €™ consists of O(n) arithmetic operations needed for
checking whether A’? fulfills condition 4*, O(n) opera-
tions for checking the robustness of A by and at most
n?0(n) = O(n?) operations for checking the robustness of
matrices A®). So the complexity of checking the universal
robustness of a given interval Toeplitz matrix fulfilling con-
dition €* is O(n?), which substantially improves the expo-
nential algorithm for checking the universal robustness of
an interval matrix in general case.
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Example 5.3. We decide whether AP is universally ro-
bust, if

AP = T([1,2],[4,5),12,2],[1,2],[3,4],[3,5],[1,2]).

Since A = T(2,5,2,2,3,3,2), A fulfills condition ¢* and
by Theoremthe given interval Toeplitz matrix A7? ful-
fills condition €*. We have h(A) = 3 and by (2) we get
perA = 1, so A is robust. Since h(A) =5 # h(A), the suf-
ficient condition from Theorem is not satisfied, so we
shall continue with checking the condition from Theorem

For k € N7, the inequality @; > 3 is fulfilled for k €
{1,2} and for I € N, the inequality @; > 3 is fulfilled for
[ = —2. We will construct the corresponding matrices A*!)
by (4).

Fork=1,1=—-2wegetAk) =T(1,52,1,4,3,1). We
have I(A*)) = {—2,1} and by (2) we get per AX) = 3,

In view of Theorem [5.4]the given interval Toeplitz ma-
trix is not universally robust.

Example 5.4. Let
AT =T(]2,3],16,6],[6,6],[1,2],[4,8],[3,4],[1,3]).
Decide whether AP is universally robust.

Since A=T(3,6,6,2,4,4,3), A7 fulfills condition €*. We
have h(A) = 4 and by (2) we get perA = 1, so A is robust.
Since h(A) =6 # h(A), we have to check the condition from
Theorem|[5.4]

For k € NT, the inequality @ > 4 is fulfilled for k = 1
and for [ € N, the inequality a; > 4 is fulfilled for [ €
{-2,-1}.

Fork=1,1=—-2wegetAX) =T7(2,6,6,1,8,3,1). We
have I(A®)) = {=2,~1,1}. By (2) we get per A®) = 1.

For k= 1,1 = —1 we obtain A¥) = T(2,6,6,1,8,3,1)
which is identical to the matrix from the previous case, so
A js robust.

According to Theorem the given interval Toeplitz
matrix is universally robust.
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