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ABSTRACT
We deal with RLCG electrical circuits with randomly varied potential source parameter. To model the situation we use the theory
of stochastic differential equations, namely the 1t0 stochastic calculus. Our aim is to find the differences between the influences of the
white noise and the colored noise on RLCG electrical circuit. In our examples we compute and illustrate the deterministic solutions
and the corresponding confidence intervals for the stochastic solutions. Numerical simulations in the examples are carried out using

Matlab.
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1. INTRODUCTION

We can describe systems, where the influence of the ran-
domness is not negligible, by stochastic differential equa-
tions, where the randomness is represented by the white
noise process. The effect of the white noise on RL cir-
cuits is examined in [1] and [2]. We have also examined
RLC and RLCG circuits with coefficients influenced by the
white noise. By application of the Itd calculus we have
found analytic solutions as well as confidence intervals for
the stochastic solutions, see [3]. The extension of this the-
ory to higher order networks is presented in [4] and [5].
In all of this papers we worked only with white noise ef-
fected networks. However, in some situations the white
noise doesn’t sufficiently approximate the behavior of the
noisy parameter of the circuit. In this situations we can
use other processes with wide spectral bands (colored noise
processes). First order electrical circuits with colored noise
are the subject of [6]. In this paper we examine for the first
time the effect of the colored noise on higher order electri-
cal circuits. We adopted the Euler numerical scheme to find
the stochastic trajectories of the colored noise effected cir-
cuit and to be able to compute confidence intervals for the
solutions.

2. EQUATIONS WITH RANDOMNESS

Our method of involving randomness to physical sys-
tems is based on theory of stochastic differential equations.
We start with an ordinary differential equation describing
some physical system:

dy(r)
dr

=A(t,y(1)), ¥(0) = yo. (1

To involve randomness to the system, we add the term
”B(t,y(t)) - noise” to the righthand side of the equation and
multiple it by dr. We get

dy(r) = A(t,y()) dt +B(t,y(t)) - noise - dt. (2)

Now the solution of the system, y(¢), includes some ran-
domness. We will call it stochastic process and denote it
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by capital letter, to distinguish it from the original deter-
ministic function. Next we establish ” dX (r) = noise - dt”,
where X (¢) is a stochastic process. We can mathematically
describe the process X (¢) and involve it into the equation.
We get

dY (1) = A1, Y (1)) de + B2, (1)) dX (¢). 3)

Considering the “noise” as the so called white noise pro-
cess, we have X(¢t) = W(t), where W(t) is the Wiener
process — a continuous process with independent incre-
ments, satisfying W(0) = 0 and W (z) — W(s) distributed
N(0,7 —s), and we get the stochastic differential equation

dY (1) =A@, Y () de+B(t,Y (1)) dW (), Y(0)=Yy, 4)

where A : (0,T) x R — R is the drift coefficient and B :
(0,T) x R — R is the diffusion coefficient, ¥ is a random
variable and the solution Y (¢) a stochastic process. We con-
sider this equation in the integral form using the It6 stochas-
tic calculus (see [7]). We can define similarly stochastic dif-
ferential equations in multidimensional case (see again [7]).

In case of the colored noise, the process X (¢) satisfies
the historically oldest example of a stochastic differential
equation, the Langevin’s equation (see [§]]):

dX (1) = —BX (1) dt+ 0 dW(1), X(0) =X,. (5)

We can consider this as a model of the Brownian motion of
a particle under the influence of friction but no other force
field. Here B > 0 is the coefficient of the friction, & is the
diffusion coefficient and X(¢) is the velocity of the parti-
cle. Using the It6 formula we can find the analytic solution
of the Langevin’s equation X (¢) (see [9]), that is called the
Ornstein-Uhlenbeck process:

t
Xt)=eP'Xg+o / e PU=9) aw(s), (6)
0

where the integral with respect to the Wiener process is the
so called Itd integral (see [7]). We assume, that the mo-
ments E[Xp] < o and E[X] < . As the expectation of
the It6 integral is zero, for the expectation of the Ornstein-
Uhlenbeck process we have:

EX(1)] =e P E[X). (7)
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Using the Itd isometry we can compute the second moment
of X () as well (see [9]):

o2

EOC(0) = e P £+ T (1 - ), @
Thus the variance V[X ()] = E[X?(t)] — E[X (¢)]? is
VIX(1)] ZeZB’-V[Xo]—F;;(l —e 2P, 9)

We can see, that E[X ()] — 0 and V[X(¢)] — % as t — oo,

and the distribution of X (¢) approaches N(0, %) for large ¢.

If we extend the equation for the constant § = 0,
we get X(r) = oW (¢). In that special case the Ornstein-
Uhlenbeck process is a multiple of the Brownian motion (or
the Wiener process in mathematical notation). The expec-
tation of the Wiener process is E[W (¢)] = 0 and the second
moment is E[W?(¢)] = ¢ for all £ > 0.

To illustrate the diference, we picture some trajectories
of the Wiener process, see Fig.[1 and some trajectories of
the Ornstein-Uhlenbeck process, see Fig. [2]and Fig. 3.]

Wiener process

05
2

-0.5

-1
-5 '

p=0,0=02
2 2 4 6 8 10
t[s]
Fig. 1 Trajectories of the Wiener process
Ornstein-Uhlenbeck process
f=c=02,X ~N(01)

0 2 4 6 8 10
t[s]

'
(2]

Fig. 2 Trajectories of the Ornstein - Uhlenbeck process with
N(0, 1) distributed initial condition
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Ornstein-Uhlenbeck process

t[s]

Fig. 3 Trajectories of the Ornstein - Uhlenbeck process with
initial value Xy =1

3. RLCG CIRCUIT MODEL
3.1. Deterministic second order RLCG circuit model

We denote the parameters of the RLCG circuit as L the
inductance, R the resistance, G the conductance, C the ca-
pacitance and v(¢) the potential source at time ¢. Then the
capacitor voltage v¢(f) and the inductor current i (¢) in the
circuit satisfy the following system of ordinary differential
equations

d 1

‘ﬂ”:—gwm+5u@, (10)
dig(t) 1 R, 1 "
" ——EVC(I)—ZIL(I)‘FZV(I)’ (11)

where initial conditions v¢(0) = 0, i.(0) = O are consid-
ered. For our purpose it is more suitable to rewrite the equa-
tion into matrix form and multiply by d¢:

dy(r) = (A-y(t) +a(t)> dr, y(0)=c, (12)
where

_ (@) _ o velt)
o= )= ) 3)

G 1
- ¢ 0 ve(0)
A= ¢ ¢ ,at:( ),c:(.c )
_ro—x ) a0={ i2(0)
The solution of is

t
y(t) =eMe+ / eAl=9a(s) ds. (14)
0
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3.2. Stochastic RLCG circuit model

To create a stochastic model, we consider the potential
source in RLCG circuit influenced by random effects. From
now on the output of the circuit would be a stochastic pro-
cess, therefore we introduce capital Y as a new notation for
the solution (13).

1.) First we replace v(¢) in deterministic model by
v(t) + "whitenoise”. After the computations described in
chapter[2| we get the stochastic differential equation

dY (1) = <A~Y(t) +a(t)> dt+bdw(r), Y(0)=e, (15)

where b = ( g

> and o is the intensity of the noise.
L

In [3] we solved this equation analytically and com-
puted the expectation and the second moment of the
stochastic solution. If the initial values v¢(0) and if,(0) are
constant, the expectation of the stochastic solution E[Y(7)]
is equal to the deterministic solution (12).

2.) This time we replace v(¢) in by v(t) +
“colored noise”. After some computations, see chapter 2|

we get
) , (16)

X(0) = Xo.
(17)

dY(t) = <A~Y(t)+a(t)> dr+bdx(r), b= <

= O

Y(0)=c¢, dX(¢t)=—-BX(¢)dt+0cdW(z),

B, o are constants, determining the character and the inten-
sity of the noise and W (¢) is the Wiener process.

4. NUMERICAL SOLUTIONS

To solve the equations (16)-(17) we use numerical tech-
niques. We will use the stochastic Euler numerical scheme
(see [10]), which is derived from the Euler method for or-
dinary differential equations. Let N > 0, N € N. We define
an equidistant discretisation of the interval (0,T) as:

T
t,=nhforn=0,...,N, where h = N =tht1 —ln,
and generate AW, = W (t,+1) — W (t,) = [ dW(s), as
independent Gauss random variables with E[AW,| = 0 and
E[(AW,)?] = h. Now we can use the Euler scheme to com-
pute the increments of the colored noise process as

AXy = Xpi1 — X = —BXyh+ O AW,. (18)

We are now ready to apply an implementation of the Euler
method to the equation with initial value Y(0) = ¢ =
Y.

Y1 =Y, + (AY, +a(ty) ) h+ bAX,. (19)

Here the scheme is written in vector form.
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5. EXAMPLE

We work on the model of the RLCG circuit, see Fig.
with all parameters unit.

0 R L

1(0)

C T G | (2

Fig. 4 RLCG circuit

Let us consider the voltage source influenced by ran-
domness:

() = 1(¢t) + "noise”,

with remaining circuit parameters deterministic. We con-
sider zero initial conditions in this example.

Our goal is to illustrate the effects of different types of
“noise” in the potential source on the solution of the circuit.
The mathematical representation of the noise is the solution
of with different coefficients ¢ and > 0 and with dif-
ferent/initial conditions of the colored noise process.

To illustrate the effect of the noise, we generate a large
amount of trajectories and compute statistically confidence
intervals for the mean and for the stochastic solutions using
the Student’s t-distribution.

a) First we consider the "noise” in the voltage source
equal to the white noise, which is represented by the Wiener
process. In Fig. 5 and 6 we pictured the 99% confidence
interval for the méan and for the stochastic solutions (the
dashed lines on the pictures).

Voltage responses of RLCG circuit

B=0,0=02

0 2 4 6 8 10
t[s]

Fig. 5 Stochastic voltage responses in RLCG circuit with white
noise influenced source
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Current responses of RLCG circuit

1.2y

| IA

t[s]

Fig. 6 Stochastic current responses in RLCG circuit with white
noise influenced source

b) This time we consider the noise” in the source as
colored noise, represented by Ornstein-Uhlenbeck process
with zero initial condition. In Fig. [7]and[§] we picture the
trajectories of the stochastic solutions and the correspond-
ing confidence intervals.

Voltage responses of RLCG circuit
0.8 ;

p=05=02,%X =0
0 2 JIL 6 8 10
t[s]

o
o

Fig. 7 Stochastic voltage responses with colored noise
influenced source
Current responses of RLCG circuit

I

| p=05=02,%X =0
-0.20 : L

2 4 6 8 10
t[s]

Fig. 8 Stochastic current responses with colored noise
influenced source
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c) Now the “’noise” in the voltage source is again colored
noise, represented by the Ornstein-Uhlenbeck process with
normally distributed initial condition. See the trajectories
of the stochastic solution and the corresponding confidence
intervals in Fig. 9 and 10.

0 O

Voltage responses of RLCG circuit

08

p=0=02,X ~N(0,1)
2% 2 4 5 8 10

t[s]

Fig. 9 Stochastic voltage responses with colored noise
influenced source, Xy ~N(0,1) distributed random variable

Current responses of RLCG circuit

|p=0=02,% ~N(©,D)
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028

-0.20 i ‘
t[s]

Fig. 10 Stochastic current responses with colored noise
influenced source, Xy ~N(0,1) distributed random variable

d) In the Fig. @ and we pictured the trajectories
of the stochastic solutions and the corresponding confi-
dence intervals when the voltage source in the RLCG cir-
cuitis influenced by colored noise, represented by Ornstein-
Uhlenbeck process with unit initial condition.

Here the expectation of the noise representation is
E[X(t)] = e~%2", which is not zero as in the examples, we
had before. That’s why in this case the expectation of the
stochastic solution does not equal to the deterministic solu-
tion. For increasing 7 the expectation E[X (¢)] goes to zero,
and so the stochastic voltage and current responses go to
the deterministic solutions of the circuit with v(r) = 1(¢)
(no noise in potential source).
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Voltage responses of RLCG circuit
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Fig. 11 Stochastic voltage responses with colored noise
influenced source, Xg = 1

Current responses of RLCG circuit

I

t[s]

Fig. 12 Stochastic current responses with colored noise
influenced source, Xy = 1

6. CONCLUSION

In the theory of stochastic differential equations the ran-
domness is considered as the white noise. Here we work
with systems influenced by a colored noise as well. This
type of modelling can be very useful for real systems, where
the colored noise occurs. As an example we can mention
the pink noise in semiconductors, where a non-linear SDE
would be solved in general, or a noise small-signal lin-
earized model of a device considered. We illustrated the
effect of the noise in source on the solution of the RLCG
circuit in our example. While in the white noise effected
circuit the expectation of the stochastic solution is equal to
the deterministic one, in the colored noise effected circuit
it can be different, but for increasing ¢ the differences be-
tween the stochastic solutions of the colored noise effected
circuit and the white noise effected circuit diminish.
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